This paper develops a dynamic model of human capital investment and labor participation. The main focus is on the fact that women's labor force participation rate is U-shaped over the course of development. We also analyze the behavior of the relative education levels of men and women, the education levels of women in the labor force and outside of it, and the magnitude and sign of income and wage effects. The underlying assumption of the model is the existence of economies of scope in the traditional sector of the economy. This creates a tradeoff between remaining in traditional production where farm work and child rearing can be undertaken simultaneously, and moving to modern production where income is potentially higher.
INTRODUCTION
This paper presents a dynamic model of female labor force participation and human capital investment with the aim of accounting for several documented empirical phenomena. Its main purpose is to provide an explanation for the U-shaped female labor force participation rate found in cross section and historical data. The model, however, goes further and also matches several other stylized facts. Overall we look at the following: i) Female labor force participation is U-shaped over the course of development. ii) Early on, the educational attainment of women in the labor force is lower than that of women in general but as development progresses this is reversed. iii) The ratio of women's education to men's education is less initially less than one. As the economy develops it increases and approaches one.
iv) In the beginning the income effect is negative and relatively large in absolute value. It then approaches and becomes zero over time.
v) The wage effect is positive and initially small but increases with time.
Furthermore a connection is made between the U-shape and the puzzling results occasionally found in the growth literature that female educational attainment is negatively correlated with observed economic growth.
The underlying assumption of the model which drives the results is a simple one: in the traditional sector of the economy there are economies of scope in the production of household goods (particularly child rearing) and consumption goods, which here we identify with "market work". The tradeoff that emerges then is between taking advantage of these economies of scope in the traditional sector, or giving them up and moving into the modern sector, where wages for market work are higher. Consequently the optimal choice depends on the level of human capital of the members of the household.
In the model of this paper we assume that a lot of functions are linear. While this makes the algebra tractable, the main reason for the assumptions is that we are interested in female labor force participation and not hours worked. Labor force participation in the data is a binary variable and hence it makes a sense to focus on a case that produces corner solutions. This is in contrast to some of the previous work on the subject, which, casually, tends to treat labor force participation and hours worked as synonymous concepts.
PREVIOUS WORK

The U-shape
The stylized facts outlined above have been documented before. The most comprehensive work on the subject is still Claudia Goldin's (1992) book "Understanding the Gender Gap". The theoretical model found below can be seen as providing a formal basis for the documented patterns. However, this paper utilizes an alternative assumption to explain the U-shaped path of female labor force participationthe existence of economies of scope on the farm rather than that of a social stigma associated with female market work which is the basis of Goldin's results. Of course, the two assumptions are not mutually exclusive.
Our focus here is on long term structural transformation. While the existing literature highlights some important developments it also suffers from two limitations. First, because most of it concentrates on the post World War Two period it is chiefly concerned with the upward sloping portion of the U-shape. Greenwood, Seshadri and Yorukoglu (2005) and posit that the increase in female work since the 1950's is due to the increased productivity of physical capital used in household production, which served as a substitute for female labor in the household, releasing it for occupation in the market. An older case study of the idea, involving the introduction of the microwave oven, can be found in Oropesa (1993) . This explanation is complementary to the one found in this paper and we do not wish to discount its importance. However, this still leaves the downward sloping portion of the U-shape. To explain the earlier pattern of decreasing female labor force participation using the same basic idea, one would have to argue that the productivity of physical capital used in household production actually decreased, or alternatively. that initially physical capital complemented household labor but then became a substitute. This seems implausible, and our explanation of economies of scope in traditional production provides a compelling alternative hypothesis which can address both the upward sloping and the downward sloping portions of the pattern. Tam (2003, and later version of the working paper from 2007) offers an explanation for the patterns in female labor force participation based on a distinction between physical human capital and mental human capital. One advantage of his work is that it also incorporates a fertility decision, in a manner similar to Galor and Weil (1996) . However, unlike here, there is a one time switch from a primitive form of production to the modern due to the assumption that there is no heterogeneity among households. In contrast, here households switch to the modern sector one by one so that at any given time a portion of the economy may be "modern" and a portion "traditional". Falco and Soares (2007) develop a model which links the amount of hours women spend in market work, as well as fertility, to adult life expectancy. An increase in adult longevity increases the overall return on investment in human capital, decreases fertility, and increase the share of time that women devote to market work. In the model of this paper -where we implicitly consider households linked via intergenerational altruisman analogous result would obtain if either the cost of investment into female human capital falls, or the wage of women increases. Interestingly, while the authors focus on the equilibrium where women split their time between household and market work (hence the identification of female labor force participation with hours worked in the market), their model does admit a possibility of complete specialization along gendered lines, roughly corresponding to "State 1" in our model below.
The papers by Greenwood et al., Tam, and Falco and Soares, as well as others in the literature tend to treat female labor force participation and hours worked by women as synonymous concepts. While this may be a useful assumption for modeling purposes, it should be recognized that it potentially obscures many underlying important economic phenomenon. An increase in work intensity by women who are already in the labor force is not the same as an addition of new female workers to the labor pool. This is particularly true if the labor force is heterogeneous. This fact is brought out strongly by Goldin's analysis of different cohorts of working women. Hence, any model which tries to account for the observed patterns in female labor force participation rate and female education, should integrate the trends before the war and prior to it. It should also account for the heterogeneity found in female workers and non-market workers over time Edwards and Field-Hendrey (2002) focus on home based work in modern economies and stress the importance of relative fixed costs in determining the extent of joint production of income and household goods. Their paper is very much analogous to the ideas developed here. Our model however extends the analysis by including the dynamics of human capital accumulation and focuses on the process of development. Tam (2007) also builds a model very much in the spirit of the present exercise, with a focus on the distinction between mental human capital and physical human capital. The results are analogous to the ones found here, except that Tam's focus is also on hours worked rather than the discrete decision of whether to enter the market or produce at home.
There has also been empirical work devoted explicitly to the downward sloping portion of the U-shape in the context of developing countries. Tansel (2002) documents a decline in female labor participation in Turkey between 1980 and 1990 occurring as a result of economic development. Lahoti and Swaminathan (2013) provide strong evidence for it in the context of modern economic growth in India. Indeed, their paper exactly matches the stylized facts enumerated above (on Indian growth and participation rate see also Klasen and Pieters, 2012) .
The Definition of Labor Force
The line between "household" work and "market" work can be imprecisely defined. It becomes even more so further back in time when one considers an economy composed solely of subsistence farmer households. There's also a circularity in some historical cases of data collection when the work done by women was automatically defined as "household work" while men's work was "an occupation". In many cases a woman in the labor force was for all intents and purposes a woman who did what was at the time considered men's work 1 (see Horrell and Humphries, 1995;  for further discussion of possible biases in historical data on women's work. The same issue is also addressed in Boserup, 1970) . The World Bank includes subsistence farmers and workers who produce at home but with the intent of sale in the market in its definition of a labor force. This leads to two possible definitions of the labor force. Under a narrow definition, only work outside the home for a wage is counted as labor force participation. A broader definition includes subsistence farmers, sporadic work such as a proprietorship of a boardinghouse, and manufacturing work done by women in the home where the husband sells the final output in a market. Goldin argues that, in addition to female agricultural laborers, female boardinghouse keepers and manufacturing workers in homes and factories were systematically undercounted in the US Censuses prior to 1910.
2
The theoretical model that follows is in the spirit of the broader definition of the labor force, used by the World Bank. Women who are in traditional sector are considered to be in the labor force -they work on a farm or in cottage production -while simultaneously carrying out household activities such as child rearing. Excluding these female farm workers would obscure the economic forces at work, which engender the changing role of women in the development process.
Economies of Scope
The existence of economies of scope on the farm or in the traditional sector, which is the underlying assumption of this paper, to our knowledge has not received wide or explicit attention in either economic or history literature. At the same time, it seems like a natural assumption and many accounts of life during and prior to nineteenth century imply their presence. Goldin refers to economies of scope when she writes of "progressive separation of work and home". Jane Adams (1988) in "Decoupling of Farm and Household" provides a description of nineteenth and early twentieth century farm life: "prior to World War II, the household was inextricably integrated with the entire farm operation." Furthermore: "Most of this labor (children) was borne and raised on the farm by the wife. Large families were the rule: many women spent ten to twenty of their productive years being pregnant and nursing babies, while managing the complex activities needed to provision the household⋯."
Similarly, Winstanley (1996) quotes a women farmer from Lanceshire in the 1890's as saying "I work harder now than when I was a farm servant. The work is far rougher, for I and my daughter go out and help in the fields, to save expense in labour."
THE STYLIZED FACTS IN THE DATA
In this section we document some of the stylized facts enumerated in the introduction. While these are fairly well established and non-controversial, it is instructive to highlight them for expository purposes and note some interesting caveats along the way. Tables 1a and 1b show the results of regressions of female labor force participation rate on per capita income and its square, illustrating the U-shaped. The economic data are taken from World Bank's WDI with income measured in PPP adjusted per capita GDP in 2005 constant international dollars. The data on religious affiliations are mostly from the CIA Factbook (supplemented by national reports). The first set of results consists of simple OLS regressions with twenty one year averages of per capita income and female labor force participation. This has the advantage of averaging out short term fluctuations as well as contemporaneous endogeneity. The second table utilizes panel data methods, including random and fixed effects. We also run the panel regressions using the Arellano and Bond (1991) estimator using shorter periods (not reported here). The U-shape is present regardless of specification. Tam (2011) uses dynamic panel methods and documents the U-shape, although the time period covered is much earlier than here, 1950-1980, and does not include the other control variables. The results however are very similar. Bank. Religion data from CIA Factbook and national sources. Interactions between religion and income were also included, but these did not turn out to be significant in panel estimations. The regressions were also ran with four 5-year panels and additional estimation techniques (SUR, Arellano and Bond) and the results are not substantially different from the ones presented here.
These results indicate that the U-shape appears in time series and is not merely a cross-sectional relationship. The basic difference between the two sets of results is that in the average OLS the point estimates imply a trough in the U-shape later in the development process than in the panel regressions (our values from the panel regressions are comparable to the estimates in Tam's paper). The results from Table 1a imply a trough at between 6000$ and 7700$ (2005 dollars). Figure 1 presents a scatter plot of female participation against log income, having subtracted the effect on the intercept of the cultural variables, based on estimates in column 4 of Table 1a . The U-shape is visually evident.
In column 5 we allow the sensitivity of labor force participation to vary with religious affiliation, estimating a "religion-adjusted" U-shaped curve. For sake of completeness we have also ran the regressions with interactions between the colonial and geographic variables (not reported). While, to economize on space, we don't present the numerical values of the estimates, in Figure 2 we show the implied U relationship for the "average" country as well as for hypothetical religiously homogenous countries. In addition to the U-shape, cultural variables play a non-trivial role. The strongest effect is due to religion, in particular Islam or Catholicism. There appear to be no significant effects for countries with a high number of non-Catholic Christians (Protestant, Orthodox, and national churches) relative to the excluded variable which includes Buddhism, Hinduism, Judaism, several smaller religions as well individuals who claim no religion. To control for other possible cultural factors we also include controls for former colonial status (including former Soviet and former Soviet block countries) and geographic location. For example, the effect of secularism might be due to the fact that a number of these countries are either former republics of the Soviet Union, or former Soviet satellite states. Likewise, it's quite possible that a significant difference exists among majority Catholic countries which were colonized by Spain, by France, or never colonized. Muslim majority countries in the Middle East might be quite different from Muslim countries in South East Asia.
These hypotheses are mostly affirmed. Former Soviet republics do have higher female labor force participation even once the degree of secularism is controlled for, and this is true even for former Soviet republics with a high percentage of Muslims such as Tajikistan and Uzbekistan. Countries which are former Spanish or Portuguese colonies have lower female labor force participation rates, and the inclusion of these variables lowers the estimated effect of Catholicism. At the same time the control for being a former French colony has a positive sign (only significant in the OLS specification), suggesting that overall for developing countries it might be Iberian-derived Catholic culture which lowers female labor force participation more than Francophone Catholic culture.
3 Somewhat mysteriously, countries which were colonized by other European states (former colonies of Germany, Belgium and Netherlands) have higher female labor force participation, although that effect could be driven by a few outliers (in particular, Indonesia). Finally, the results also show that countries in the Middle East and North Africa have substantially lower female labor force participation rates even controlling for the effect of Islam. This effect is also noted in Rauch and Kostyshak (2009) . Table 2 presents the results of regressions which utilize latest Barro and Lee (2012) data on educational attainment and economic development. The dependent variable is the ratio of average years of total schooling for females relative to males. Unsurprisingly this ratio increases with per capita income. Visualization of the data as in Figure 3 suggests that the relationship is non-linear since above a certain level the ratio reaches an upper bound and further increases in income play a muted role. Consequently we also estimate a structural break model. We do a grid search over possible threshold levels of income which yield the best fit to the data (by minimizing the sum of squared residuals), where both the slope and the intercept are allowed to change. Somewhat reassuringly we find that both the intercept and slope have the largest statistical change at the same log income of 8.7, which corresponds to per capita income of about 6000$ (in 2005 dollars). At income levels lower than that, a 10% increase in per capita income increases the female-male education ratio by about 0.011, while above this threshold the increase is much smaller, at about 0.049. Once again we employ both pooled OLS and panel estimation, although in our panel regressions no structural break shows up as significant. Sources: Education data are from Barro and Lee (2013) . Income data is from World Development Indicators In this section we present the model which accounts for the stylized facts and empirical results highlighted above. There are two goods, two factors, and two production sites. The two goods are a "market" good (food or income) and a "household" good (child rearing). For simplicity, utility is linear. The two production sites are a "traditional" production site (the farm) and a "modern" production site (the city). Each household makes a location decision as to where its economic activities will be undertaken. The trade off involved is that while the market wage may be higher in the city, there are economies of scope on the farm, which allow female labor to be supplied simultaneously to household and market production. The intuitive example is that of much of agricultural work, or traditional cottage production, which can be carried out while the children are present. This in turn means that the children can be reared at the same time as work for income is being done. This generally is not an option for factory or office work.
The two factors are male and female labor. Male labor can only be used in market production. Female labor can be used to produce either good. Perhaps ironically, it is precisely the fact that female labor is more productive in both the household and (weakly) in the market sector that results in the gender specific specialization and the consequent lower accumulation of female human capital. The choice is made on the basis of comparative, not absolute, advantage. Since utility is linear, if the household is located in the city, female labor will only be supplied to the one sector where its productivity is higher. Hence the labor supply choice for the households in the city is a binary one; whether women will work in the house or in the market.
Static Location Decision
The production function for market work on the farm is given by
A is productivity and F L is labor employed in the market good sector on the farm. We assume perfect competition in the labor and goods market so labor gets its marginal product and the wage rate on the farm is just . Households are differentiated by their endowments of human capital. For simplicity (this can be easily relaxed) we assume that the initial endowment of male human capital is the same as that of female human capital within each household. We denote these endowments as M h and F h . Once we introduce investment in human capital into the model, each h will change over time and female and male human capital levels will diverge. The role of human capital is that it determines the effective labor endowment of each household that can be supplied to the market sector. Each household is endowed with 1 unit of male and 1 unit of female labor and h is a quality adjustment. Hence a household has
units of effective labor to supply. The production side of the model is similar to the standard AK or related endogenous growth models, with human capital instead of physical capital. Technological growth then can be thought of as embodied in human capital accumulation. A change in the productivity parameter, C A , will have an effect that is analogous to an increase in the marginal product of capital in the AK model; the growth rate of per capita income will increase. The precise effect of such a shock on labor force participation and human capital investments is discussed in Section 5 which analyzes the wage elasticity of labor force participation.
Finally we assume that production of the household good does not depend on female human capital, although we do assume that human capital is transferred intergenerationally. Since utility is linear, either 0 or 1 unit of female labor will be used in household production. The utility value of the household good produced is denoted by P. One period utility, without the cost of investment is then:
A farm household is denoted by 1 = s , a single earner city household is 2 = s , and a two earner city household is 3 = s . We assume the cost of investment is quadratic. The net per period utility is then
where F i is investment in female education, M i investment in male education, and φ is a scale parameter affecting the marginal cost of investment. s is a choice variable (and a function of time), albeit a discrete one. The cost of investing in human capital is independent of the state the household is in. The household will choose the state which maximizes its current utility, and choose the levels of investment to maximize its remaining lifetime utility. We can find the loci of points which indicate combinations of male and female human capital at which a household will be indifferent among its various location/labor supply options. These three boundary lines are illustrated below in Figure 4 , where the numbers indicate the optimal s for the relevant region. 
In the following sections we analyze what happens to the households as their position changes through time due to investment in human capital and how the relative size of the above sets changes.
Investment Decision and Dynamics of a Single Household
We assume that each household starts with initial levels of M h and F h low enough such that state 1 is initially optimal,
, i.e., farm productivity is substantially lower than household productivity, which is plausible for economies at very low level of development. This assumption is also crucial for the model to generate the U-shaped female labor force participation rate found in the data since otherwise at least some households would go straight from Area 1 (farm, both work) to Area 3 (city, both work). Lifetime utility is:
The laws of motion for human capital are:
. This simple formulation embodies two important assumptions. First, human capital is transferred inter-generationally, so that even in the absence of investment, children will have a positive level of human capital inherited from their parents. One way to understand this assumption is to think of human capital as being produced, with parents' human capital and investment as two separate but substitutable factors of production. Several papers provide empirical support for such an influence, whether through the effect of parents' education on children's health outcomes, social skills. or basic literacy and numeracy (Chen and Li, 2009; Currie and Moretti, 2008; Moore and Schmidt, 2004) . Second, we are also assuming that the inter-generational transfer of human capital takes place along gender lines; daughters inherit human capital from mothers, sons from fathers. This assumption is obviously stronger and potentially unrealistic. A more general version of the model would allow for human capital to be inherited from both parents. In that case the model becomes much more complicated and difficult to solve and much of the intuition gets lost in the algebra. At the same time the basic qualitative results -the existence of the U-shape and other stylized facts -are not affected, although the speed of dynamics and the precise timing of switching between Areas may be different. 4 The dynamic optimization problem of the household then is:
There are three possible steady states, in terms of the choice of both ) (t i s and ) (t s corresponding to three possible dynamic paths: i) Never invest, stay on farm the forever. ii) Invest only in male education, initially stay on the farm and then when M h is high enough move to the city and stay a one-earner household forever.
iii) Invest in both male and female education while on the farm, move northwest until For plausible parameter values possibilities 1 and 2 are dominated by possibility 3. Hence we concentrate on solving the problem involving this particular steady state. In this case we can write the lifetime utility as a sum of four parts -utility while in state 1, utility in state 2, utility in state 3, and subtract the present value cost of investing in both 4 If human capital is inherited as a weighted average of both parents' human capital, the model constitutes a system of two interdependent non-homogenous differential equations rather than two separate equations which can be solved individually. The basic difference is that the "averaging out" of human capitals in that case tends to pull the path in Figure 5 towards the 45 degree line. However, as long as payoffs to male human capital commence before payoffs to female human capital, the overall qualitative result is the same.
5 Note also this dynamic optimization problem can be solved in the usual manner with Hamiltonians, though here we wish to focus on the intuition behind the result. 6 State 1 -stay on the farm forever -would be optimal if the "modern sector" productivity is very low relative to both farm and household productivity. State 2 could be optimal if household productivity is high relative to "modern sector" productivity. This means that it is possible for economies to get stuck in poverty traps in this model, although the reasons for such an outcome are beyond the scope of this analysis.
types of human capital: h in the past so that it is about to enter area 3. Since this is a steady state it plans on staying here forever. In this case the marginal benefit of a unit of investment in either type of human capital is β A C , while the marginal cost is just the amount of investment, times φ . Hence investment is φβ A C for both female and male education for 2 t t > . Now consider the choice of investment before the household enters Area 3. Before entering Area 3, the household will choose 2 = s . At this point it will receive the benefit from having the male work in the market, hence the optimal value of )
While in state 2, the household receives no present utility from female human capital. It anticipates that in the future, once F h is high enough, the female member of the household will work, and hence it pays to invest in female education right now. This benefit has to be discounted by the time it will take the household to move from its current position inside Area 2 to the boundary between Areas 2 and 3. The marginal benefit of investment in female education at this stage is given by ) ( 2 t t β C e φβ A − − which will be the level of investment in female education for 2 t t ≤ . Note that the same reasoning applies to investment in female education while in Area 1. Similarly, while in Area 1 investment in men's education has to be discounted by
The paths for investment then are:
where K denotes either male or female investment and } 2 , 1 { ∈ k . The ratio of female to male investment in human capital is implicitly illustrated Figure 5 .
Figure 5. The Dynamic Path of Female and Male Human Capital
This is also the slope of the dynamic path in
space. The slope of this path is positive and concave, and it approaches 1 as the household enters Area 3. This aspect of the model is just stylized fact 3. Over the course of development male education begins to rise first and only later does female education begin catching up with it. Knowing the level of investment at each time allows us to rewrite utility in terms of parameters and maximize it with respect to 1 t and 2 t . Alternatively, we know that 1 t will occur when the household moves from its initial position to the point at which it wants to switch to state 2: 
which can also be obtained from maximizing lifetime utility with respect to 1 t . Here we can see the necessary condition for path 3 to dominate paths 1 and 2; 0 1 > t . 2 t is derived in a similar manner. In both cases ) 0 ( h needs to be less than the indifference value but not so small (alternatively F A and P big enough) that the above expressions become undefined.
7 These are also the conditions needed to ensure that Possible Path 3 dominates the other two.
The above investment levels imply
where K and k are as before, and
. The present discounted value of lifetime utility as a function of 1 t and 2 t is The first term is the value of market wages from agriculture for both members of the household until 1 t . The second term is the value of household production until 2 t , when the female ceases to work at home, the third and fourth terms are the values of initial human capital for male and female appropriately discounted from the time when they first become utilitized and the last term is the net value of investment for both members of the household. Maximizing the above utility function with respect to 1 t and 2 t yields the values for 1 t and 2 t given above. Figure 6 shows the paths of total cost of investment, household production, market income and net utility for the values
7 Formally we need that 
Distribution of Households and Labor Force Participation Over Time
Next we consider how the distribution of households changes over time. We let j index both households and their initial position, so that , respectively. The number of households on the farm is falling at a decreasing rate, while the number in the city with only the male working in the market is increasing at a decreasing rate. Eventually all households pass into Area 2 and at some future time begin entering Area 3. At that point the proportion of households in Area 2 is ) ( 2 t j , and that of those in Area 3 by ) ( Putting all this together we get the paths for the share of the households in each area shown in Figure 5 below. The female labor force participation rate is just the inverse of the share of households in Area 2. The analysis for the case where there is an overlap between households which are entering Area 2/leaving Area 1 and those entering Area 3/leaving Area 2 is similar.
SIMULATION AND STYLIZED FACTS
In this section we present results which illustrate how the model replicates the stylized facts presented in the introduction. Note that the proper interpretation of model time is a generation. The motivation for investment in human capital while on the farm is the anticipation that someday one's children or grandchildren will leave the farm and work in the city. This assumes a production function for children where human capital is passed down from parent to child according to sex (the implications of this assumption are discussed above), as well as the absence of structural impediments to the development process which could get the economy permanently stuck in the traditional.
Stylized Fact 1
The female labor force participation rate, is U-shaped. This immediately follows from the signs of the first and second derivatives: 
in the case where parameters are such that t t > ). The two possible path for female labor force participation rate is illustrated Figure 7 . In both cases the path of female labor force participation is U-shaped. In the remainder of this section we focus on the first case. 
Stylized Fact 2
At the beginning of the development process the average education of women in labor force is lower than that of women in general, but this reverses itself over time. Goldin (1992, p. 135) points out that although presently women in the labor force have higher levels of education than women on average, this has not been true historically. In the first decade of the twentieth century the average years of schooling of a woman in the labor force was less than seven years, while that of an average woman in the population was eight years. A lot of women who were not in the labor force had higher levels of education than working women. For a number of developing countries the same phenomenon can be observed presently as suggested by the regressions above. By the time of World War II the US average working woman had an extra year over the average woman. Hence there was a significant change in the educational composition of the female labor force vis a vis the female population in general. The model replicates this fact. If we believe that for the US the trough of the U-shape occurred sometime around the turn of twentieth century then it is precisely at this time that the education of labor force participants would begin to catch up with that of women in general, as high ability households began turning into two worker families. A similar pattern has also been documented in the specific micro level context of the state of Rhode Island in the 1960's in Mott (1972) . Figure 8 illustrates this particular fact. While the algebra itself, again relying on the signs of first and second derivatives, is messy, the intuition is straightforward. Initially all women are on the farm, hence in the labor force. As human capital accumulation ensues, the highest ability households leave the farm and move to the city. At this point however the level of female education of women in the city is not high enough to justify market work. Hence the highest ability women exit the labor force and specialize in household work (because their husbands are also relatively high skilled), while lower ability women remain on the farm. Eventually the human capital of the highest households reaches a level where it pays for the city women to enter the labor market and work for a wage, while at the same time, the low ability women leave the farm and move to the city where they become "housewives". Outside of developed countries the educational attainment of men exceeds that of women. Even in the upper income countries the equality in years of schooling is a fairly recent phenomenon. In general, as a country begins to industrialize male education increases first and only later does female education begins to rise as well. In fact the present model generates a U-shaped path for the female to male education ratio. Initially male investment in education is greater, and increases faster, than investment in female education. This causes the ratio sharply fall. Eventually male investment levels off while female investment continues to increase and the ratio begins to increase. The U-shape in the model however is essentially an artifact of the assumption that males and females start out with the same initial level of human capital. If we assumed an initial inequality, the trough would occur very quickly and would result in a mostly monotonic path over time.
Note: The initial equality is simply a result of a simplifying assumption. The value of the minimum depends negatively on P and positively on both city and farm wages. These effects are intuitive. A higher productivity in the household means that a higher level of female education is needed to justify market work for women. Hence households will spend a longer time on the farm and in the city as single worker families. This in turn slows down investment in female education without affecting investment in male education, hence resulting in a larger gap between the educations of the two groups.
A higher market wage in the city works similarly except that it speeds up the investment of both men and women. However, since the boundary C A P changes more than the boundary
, less time will be spent by each household in Area 2. This implies that the increase in female education investment due to a higher market wage will be greater than the increase in male education investment, resulting in a smaller gap. An increase in the farm wage has the effect of delaying the shift from farm to the city. As long as the increase in F A is not too big (so that F A P 2 > continues to hold) this will lower investment in male education for farm households, while leaving female education investment unchanged (since this depends only on C A and P). Therefore, the human capital gap between the two members of the households will be less pronounced.
Stylized Facts 4 and 5: Income and Wage Effects
The consideration of income and substitution effects on women's labor force participation, particularly for married women, goes back to at least Mincer (1962) . Historically for the United States the effect of a change in husband's income on the female labor force participation rate has not remained constant (Goldin, 1992, p.133) . At the turn of the century the income effect was negative and substantial (an increase in men's income tended very strongly to push women out of the labor force), while the wage effect was positive, albeit small. As Goldin puts it "A married women was not easily enticed into the labor force by higher wages, but she was, at the same time, encouraged to leave by higher earnings of her husband and other family members." By the time of World War Two the income effect had declined in size while the wage effect increased. Presently both wage and income effects are small in magnitude. Once again, we illustrate below that the model replicates these facts.
To analyze the effects of income and wage increases on female labor force participation rate in the model we distinguish between male and female wages in the city although so far we have assumed that these are equal. Hence the relevant boundaries become M C F w A / 2 a n d . Note that in contrast to most of previous work we are not dealing with changes in hours of labor supplied per women, but rather the change in the number of women working.
When considering shocks to wages we need to distinguish between anticipated and unanticipated shocks. Unanticipated shocks have the effect of only changing a given household's optimal location, whereas anticipated shocks will also affect the entire path of investment and human capital. Below we focus on unanticipated shocks.
Income Effect
The elasticity of female labor force participation with respect to men's city wages is negative and initially small in magnitude. It then increases in magnitude, reaches a minimum and begins to decrease in magnitude until it reaches zero.
The magnitude of the income effect depends on the distribution of household at the time it occurs. An increase in the men's city wage shifts the boundary,
, leftward. This may cause some households on the farm to move to the city and become single worker families, or, if human capital is high enough, it will have no effect at all. Similarly when households have very little human capital to begin with and the change in city wages for men is small there will be no discernible effect on female labor force participation rate. This means that in the early part of the development process, provided there are some households near the boundary
, the income effect will be negative. However the negative effect of the same shock will be smaller once human capital has accumulated, Finally, once human capital is high enough, an increase in men's wages will have no effect on female labor force participation.
Let city wages for men increase by δ percent. The change in the female labor force is then given by:
As a result the income effect is small at the beginning and end of the development process and large in the middle. Goldin finds that in the first two decades of the twentieth century the income effect appeared to be large in magnitude but has since moved closer to zero, especially in the post World War Two era. At the same time the trough of the U-shape likely occurred during the same time. The turn of the century then represents the middle of the development for countries such as the US. The model is consistent with the empirical finding of a large negative income effect at the turn of the century, which subsequently diminished. Furthermore it provides an explanation for the fact that the change in male wages in the industrial sector is likely to have a large effect if there are a large number of households who are close to being indifferent between the traditional sector and moving to the city. The resulting rural-urban migration induces households to become single worker families in the city as married women specialize in household work and child rearing. The figures below illustrate the level change and the elasticity of female labor force participation with respect to male city wages. The parameters are the same as above and the shock is an unanticipated increase of 10% in city wages. The figure illustrates both absolute changes and the elasticity. In the second panel, for the parameters chosen, at its most extreme, a 10% change in men's city wages decreases female labor force participation by roughly 25%. This is the case where the change in wages sweeps almost all households remaining on the farm into the cities, pushing female market attachment down to zero.
Wage Effect
The elasticity of female labor force participation with respect to women's city wages is positive and initially small in magnitude. It then increases, levels off, and becomes zero once all households have moved to the city.
The wage effect works in an opposite, but similar way to the income effect. When households have very low human capital a discrete change in female wages will have no effect on the location decision of households and hence no effect on female labor force participation rate. As households move northwest in the M F h h / space a female wage shock, which shifts the
boundary downward, will cause some single worker households in the city to begin supplying female labor to the market. This effect initially increases as more households approach the boundary, and then begins to decrease. In percentage terms, the own-wage elasticity of female labor force participation is initially small and increases over the course of development. At its peak, which roughly occurs sometime after the trough in the female labor market attachment is attained, a 10% increase in female city wages results in about a 25% increase in female labor force. The wage effect is given by: Figure 11 illustrates the effect of a shock to female wages on female force participation rate as a function of time (that is, as a function of the distribution of households at a particular moment in time). Figure 11 . The Wage Effect, Change and Elasticity 6. SOME POLICY IMPLICATIONS The model of this paper has two important implications for both theoretical and empirical work on economic growth and how it relates to female education and labor force participation. Some of the older literature in growth empirics had uncovered a bit of a puzzle. In many specifications female education is negatively correlated with subsequent economic growth. In the popular textbook of Barro and Sala-i-Martin, (1995) this appears as a frequent and robust result. 8 The authors attribute it to the fact that a low female to male education ratio is a proxy for low level of development and hence is picking up convergence effects. However, this paper suggests that this negative correlation may arise from the interaction of female labor force participation and education. Although in our model female education and market income increase concurrently, for the middle stage of the development process, the rise in market income is solely due to the increases in male education. Hence, the empirical result could simply be due to the fact that in developing countries many educated women never enter the labor force. Rather, female education represents investment in intergenerational human capital transfer, as the acquired skills are passed down to the children. This implies that even if existing data show no (or even negative) relationship between female education and growth that does not imply that the return to female education is unimportant. The benefits are simply further off in time, when the children enter the labor force. Even long panel estimates of ten year periods, may not be able to pick up these effects.
Second, in our analysis we have ignored the two possible steady states which correspond to a "poverty trap" and even a "middle income trap"; the "don't invest, stay on farm forever" and the "invest only in male education, remain a single earner household forever" paths. Impediments to investment in female education and/or low returns to women's labor in the market are exactly the conditions under which the economy is more likely to get stuck in these undesirable situations. Together these factors (high φ , low C A for women) can be taken as representative of institutional barriers to both female education and economic development (for a broad discussion of such factors see King and Hill, 1997) . While here the causality would run from these "bad institutions" to lack of growth and education, at the very least the fact that a particular economy is not investing in women's education serves as a clear signal that the country is stuck in a poverty trap. More generally, the model suggests that getting out of such a trap requires a reduction in these obstacles as well as an effort to promote women's education -Target 3A in the Millennium Development Goals (UN, 2012) . In fact, even in absence of other reform, increasing female education could move a household from Areas 1 or 2 to Area 3 and result in further self sustaining investment in human capital.
CONCLUSION
In this paper we develop a dynamic model of female participation rate and education which broadly matches several stylized facts found in the data. For empirical inspiration and support we have mostly relied on Claudia Goldin's "Understanding the Gender Gap" and the literature on female labor force participation both in developing countries and historically in developed countries. We provide both an intuitive justification for the processes for dynamic phenomenon which are summarized in the five stylized facts listed in the introduction, as well as a formal analysis. The underlying assumption is that of economies of scope in the traditional sector and the resulting tradeoff between locating one's productive activities "on the farm" or "in the city" and choosing between operating as a single earner or two earner household.
The model can be readily extended in several ways. For one, we can explicitly incorporate unmarried women in to the model and see if the resulting dynamics produce the married/unmarried substitution evident in history (intuition and some preliminary work seem to indicate that this is indeed the case). More substantially, the model could be expanded to include an explicit fertility choice and a production function for children's human capital. In this case an over lapping generations framework might be better suited rather than the continuous time model presented here.
